We present a systematic study of sunspot physical parameters using full disk magnetograms from MDI/SoHO and HMI/SDO. Our aim is to use uniform datasets and analysis procedures to characterize the sunspots, paying particular attention to the differences and similarities between "Hale" and "anti-Hale" spots. Included are measurements of the magnetic tilt angles, areas, fluxes and polarity pole separations for 4385 sunspot groups in Cycles 23 and 24 each measured, on average, at ∼66 epochs centered on meridian-crossing. The sunspots are classified as either "Hale" or "anti-Hale", depending on whether their polarities align or anti-align with Hale's hemispheric polarity rule. We find that (1) The "anti-Hale" sunspots constitute a fraction (8.1 ± 0.4)% of all sunspots, and this fraction is the same in both hemispheres and cycles; (2) "Hale" sunspots obey Joy's law in both hemispheres and cycles but "anti-Hale" sunspots do not. Three equivalent forms of Joy's law are derived; sin γ = (0.38 ± 0.05) sin φ; γ = (0.39 ± 0.06)φ; and γ = (23.80 ± 3.51) sin φ, where γ is the tilt angle and φ is the heliospheric latitude; (3) The average Hale sunspot tilt angle is γ = 5.49 • ± 0.09; (4) The tilt angles, magnetic fluxes and pole separations of sunspots are interrelated, with larger fluxes correlated with larger pole separations and smaller tilt angles. We present empirical relations between these quantities. Cycle 24 is a much weaker cycle than Cycle 23 in sunspot numbers, cumulative magnetic flux, and average sunspot magnetic flux. The "anti-Hale" sunspots are also much weaker than "Hale" sunspots in those parameters, but they share similar magnetic flux distributions and average latitudes. We characterize the two populations, and aim to shed light on the origin of "anti-Hale" sunspots.
Introduction
Sunspot groups are formed when magnetic flux tubes rise, likely from the tachocline between the convection and radiation zones . Precisely how they form and the details of their ascent are invisible to observers. However, patterns of sunspot surface activity offer clues to the inner work of the global solar magnetic field. Sunspots are observed to consist of pairs with opposite magnetic polarities. They are generally elongated in the east-west direction and the leading polarities generally lean closer to the equator than the trailing polarities. Hale et al. (1919) noted that most leading spots have opposite polarities in opposite hemispheres, and also that the sense of this hemispheric polarity pattern switches from cycle to cycle. This is known as Hale's hemispheric polarity rule, or simply "Hale's law". Separately, A. H. Joy noticed, and Hale et al. (1919) reported, that sunspot axes increasingly tilt with latitude, a trend known as Joy's law. In addition to Hale's and Joy's laws, Spörer's law describes the steady decrease of sunspot latitude through the solar cycle, forming a "butterfly diagram" in a time vs. latitude plot. Discovered by Richard Carrington around 1861, and refined by Gustav Spörer, the sunspot butterfly diagram is interpreted as the product of the dynamo waves (Parker 1955b) or the poloidal field stretching by differential rotation (Babcock 1961 ).
Hale's, Joy's and Spörer's laws indicate that the solar magnetic fields change globally in a cyclic pattern. A widely-held description of solar magnetic activity centers on the interplay between a global poloidal field and differential rotation (Parker 1955b; Babcock 1961; Choudhuri 2000) . When the global field is dominantly a poloidal field, the Sun is in an activity minimum and few or no sunspots are visible. As the global poloidal field is stretched into a toroidal field by differential rotation (Schou et al. 1998) , the field lines are stretched in both latitudinal and radial directions, ultimately, giving rise to concentrated magnetic flux tubes. These flux tubes ascend due to magnetic buoyancy and, through the suppression of convection and of radiative output, appear as sunspots (Parker 1955a) . At this stage, the surface of the Sun is occupied by more and more sunspots first at high latitudes, gradually at mid-and low latitudes, as the solar activity enters a maximum phase. Near the equator, the leading polarities of sunspot pairs annihilate with their counterparts on the opposite hemisphere. At the same time, the trailing polarities disintegrate and are transported to high latitudes by poleward meridional flows (Hathaway & Rightmire 2010) . This dissipation process eventually results in a reversal of the polar fields at the height of solar activity maximum. The global field gradually evolves back to an axisymmetric dipole in the second part of the solar cycle (van Ballegooijen et al. 1998; ) until the Sun enters the next activity minimum, with a polar fields opposite in sign to the previous minimum. As the new cycle starts, emerging sunspots have polarities opposite from the previous cycle, so accounting for Hale's law.
The Coriolis force, acting on the rapid expanding flux ropes as they ascend through the convective zone, is probably responsible for the sunspot tilt (D'Silva & Choudhuri 1993; Howard 1994) . If the magnetic flux is sufficiently strong in the overshooting region, the flux loop rises while having little interaction with the materials in the convection zone Fan 2009 ). The sunspot tilt angle is determined by the Coriolis acceleration, −2ω(φ) sin φ(∆s/∆t), where ω(φ) is the sun's spin rate at latitude φ and ∆s/∆t is the average separation rate of magnetic footpoints. Assuming the acceleration is constant, the sunspot tilt angle can be approximated as sin γ ∼ ω(φ)∆t sin φ
where ∆t is the average time for sunspot group emergence at the surface, and φ is the latitude (Wang & Sheeley 1991) . Equation (1) is observable given a large number of sunspots and has the form of Joy's law for an averaged sun's spin rate. Indeed, considerable observational effort has been devoted to the determination of sunspot tilt angles and derive Joy's law (Hale et al. 1919; Wang & Sheeley 1989; Howard 1991c; Dasi-Espuig et al. 2010; Stenflo & Kosovichev 2012; Li & Ulrich 2012; McClintock & Norton 2013) .
The tilts of the sunspot magnetic axes provide the poloidal components needed for the global field to revert to an axisymmetric dipole configuration. For example, the contribution of an individual sunspot group to the solar axial dipole field may be expressed as D ss ∝ sΦ sin γ cos φ where s is the pole separation, Φ is the total flux, γ is the tilt angle, and φ is the latitude . Surface flux transport simulations confirm the importance of the sunspot tilt angles in determining the polar field strength Jiang et al. 2015) but the disintegration and transport of magnetic fields to the poles are imperfectly understood (Parker 2009 ). Dasi-Espuig et al. (2010) and found that the mean normalized tilt angles are anti-correlated with the strength of the cycle. A close connection between the tilt angle and the helicity was recently reported by Pevtsov et al. (2014) and helicity has emerged as an important sunspot parameter to assess coronal mass ejections (Zhang et al. 2006 ).
Our main aim in the present work is to improve on previous studies in several respects: 1) we utilize a uniform dataset which is obtained with MDI/SoHO and HMI/SDO. Both instruments is operated in a similar fashion and their performance is stable. 2) we employ systematic measurement procedures to determine the sunspot parameters. and 3) we obtain averaged values of parameters from a large number of independent measurements as each spot rotates across the solar disk. Our dataset is thus relatively immune to systematic errors, and to fluctuations in parameters associated with temporal variability of the spots. The paper is organized as follows: Section 2 describes the data and measurements, Section 3 shows the results, Section 4 gives a discussion while Section 5 is a summary.
Data and Measurements
Our study is based on two main data sets. First, we use full disk magnetograms from the Michelson Doppler Imager (MDI) (Scherrer et al. 1995) onboard the Solar and Heliospheric Observatory (SoHO) and the Helioseismic and Magnetic Imager (HMI) ) on the Solar Dynamic Observatory (SDO). Second, we use sunspot records from the daily "USAF/NOAA Solar Region Summary" composed by Space Weather Prediction Center (SWPC). The magnetic data span two decades from May 1996 to the present time covering two solar activity cycles (23 and 24), and one full magnetic cycle. The MDI data cadence is 96 minutes, while HMI's is 12 minutes. To maintain consistency between the magnetograms from the two instruments, we use one HMI magnetogram every 96 minutes, and bin the data into 1024×1024 pixels. Magnetograms from both instruments have the pixel size 2 ×2 . The magnetic strength obtained from MDI is reduced by a factor 1.4 for consistency with HMI data (c.f. Liu et al. (2012) ).
We measured sunspot physical parameters using automatic techniques similar to those employed in Li & Ulrich (2012) . Our automatic program, written in IDL, runs in the SolarSoftWare (SSW) environment (Freeland & Handy 1998) . On each magnetogram, a sunspot is identified by its location as read from the USAF/NOAA sunspot records. The area is outlined by an initial circle whose radius is 20× A/π where A is the sunspot "total corrected area". The initial circle is iteratively stretched into an ellipse and, finally, two circles having opposite magnetic field polarities are positioned to fit the magnetogram data. Then the tilt angles, γ, are calculated using
whereφ is the mid-point latitude of the polarity pair, ∆φ and ∆λ are the differences in latitude and longitude between the centers of the two magnetic components. Examples of the final fits are illustrated in Figure ( 1) in which four sample sunspot magnetograms are shown. The best-fit sunspot polarity pairs are plotted as red and yellow circles with radii calculated from a/π where "a" is best fit area of each component. Solid green lines in Figure (1) show the best-fit tilt axes, in each case. The four quadrants in the Figure distinguish sunspots whose tilt angles agree with both Hale's and Joy's laws in respective hemispheres and cycles.
The automatic run does not guarantee a reliable set of sunspot tilt angles during the course of the disk passage. Two main effects lead to scatter in the tilt angles of a sunspot group. First, for very tiny sunspot groups, the code is unable to obtain convergent solutions for the north and south polarity components and so fails to produce reliable tilt angles. Second, very close or overlapping sunspot groups cause the confusion with the procedure producing unreliable solutions. We use the stability of repeated measurements to identify the problem sunspots. Specifically, sunspots with tilt angles varying > 270 • in the course of their disk passages are targeted for inspection. The strategy greatly improved the sunspot tilt angle measurements along with other parameters. About half of total sunspots went through this correction process. An example of the time dependence of parameters measured for an individual sunspot is shown in Fig. (2) .
To minimize projection effects, we consider only measurements of sunspots taken within ±30 • of meridian-crossing. This accounts for about 4.5-days of observation around the longitudinal disk center for each sunspot group (see the grey area in Fig. 2 ). As shown in Figure ( 3), a majority of sunspots are measured 60 to 70 times during this period. Figure (4) shows the standard deviations, σ γ , of the repeated tilt angle measurements as a function of the number of measurements for each sunspot group. The Figure shows two things. First, the median and average σ γ are modest (5.0 • and 9.3 • , respectively) indicating that the tilt angles are systematically variable. Second, σ γ is independent of the number of measurements per spot, consistent with σ γ being a real measure of intrinsic temporal variations and not the result of statistical fluctuations in the measurements.
Magnetograms are two-dimensional maps of magnetic flux density. Our fitting procedure produces a pair of magnetic fluxes with opposite signs, for each sunspot on each magnetogram. In the current work, each sunspot is represented by a set of parameters, including magnetic flux, averaged over the longitudinal range of ±30 • . The total sunspot magnetic flux means the unsigned magnetic flux, i.e., the sum of magnetic fluxes (Φ) of opposite magnetic polarities.
The average magnetic strength of a sunspot group is defined by B = Φ/a [G] , where "Φ" is the unsigned magnetic flux [Mx] ; "a" is the effective magnetic area [cm 2 ] computed from the total number of pixels in the idealized sunspot pairs. The magnetic flux and area are highly linearly correlated (Pearson r corr = 0.97 at P-Value < 10 −5 ). We fitted a relation of the form to all sunspots log 10 Φ = k a log 10 a + C a
to obtain k a = 1.183 ± 0.005 and C a = −1.502 ± 0.093. When Equation (3) is written as Φ(a) = Φ 0 a ka , where Φ 0 = 10 Ca , we obtain the magnetic strength as a function of magnetic area:
which is shown in Figure (5 ). All sunspots are plotted with "·". The filled circles represent average (orange) and median (blue) values of the area (a) and magnetic strength (B) in ∼ 3.8 × 10 19 [cm 2 ] bin. The average magnetic strengths are of order 10 2 Gauss, comparable to the magnetic field levels of plage regions visible in Ca II emission (Leighton 1959) . The dashed line is Equation (4) plotted with k a = 1.183 and C a = −1.502; the direct non-linear least square fit to all sunspots is plotted with the solid curve. There is a factor of 1.2 in amplitude between two curves (see equations in the figure) . This is due to the large uncertainty, 0.093, in C a obtained from fitting Equation (3). The uncertainty causes the amplitude for the analytical equation (4) varying from 0.030 and 0.046.
Results
Figure (6) shows the Butterfly diagram computed from our data in the time period May 1996 to July 2018. Sunspots erupted in Cycles 23 and 24 are plotted with blue and orange filled circles, respectively. The "anti-Hale" sunspots are plotted with black "•" circled in green. The diagram is consistent with the accepted onset of Cycle 24 starting at the end of 2008 (Wang 2017) . Sunspots erupted in Cycle 22 are plotted with "•" symbols and excluded from further study here. (24) Nn (24)Nn(23) = 1.04 ± 0.04, is consistent with unity, meaning that the sunspot counts are hemisphere-symmetric over the (22 year) magnetic cycle of the Sun, to within the uncertainties of measurement.
Sunspot Hemispheric Asymmetry
More sunspots erupted in Cycle 23 than in Cycle 24, with the ratio of the total numbers being N (23)/N (24) = 1.56 ± 0.04 where, again, we quote a Poisson error bar.
Hale's Law
Hale's law appears in Figure ( Except for numbers of sunspots with respective hemispheres and cycles, Table (1) also shows the statistics of the "Hale" and "anti-Hale" sunspots for each hemisphere and cycle. The "anti-Hale" sunspots are a stubborn minority: over all, the fraction of "anti-Hale" sunspots is (8.69 ± 0.57)% in Cycle 23, and (7.11 ± 0.64)% in Cycle 24. Within the uncertainties (we quote the Poisson error), both fractions of "anti-Hale" sunspots are equivalent, and consistent with the mean value (8.07 ± 0.43)%.
We also see Hale's law in polar coordinates, where the azimuthal angle represents the sunspot tilt, and the radius represents the sunspot latitude, from 0 • to 40 • (Figure 8 ). In the Figure, the upper panels show sunspots in Cycles 23 and the lower panels in Cycle 24. The northern hemisphere spots are plotted in the left two panels and the southern hemisphere spots on the right. This presentation distinguishes "Hale" from "anti-Hale" spots particularly clearly: "Hale" sunspots fall in quadrants I & IV or II & III, depending on hemisphere and cycle while "anti-Hale" sunspots (plotted with black dots circled in green) occupy the other two quadrants.
Sunspot Magnetic Flux

Cumulative and Average Magnetic Fluxes
The cumulative magnetic flux, Φ, is the magnetic flux integrated over an entire cycle. The average magnetic flux,Φ, is the flux averaged over the number of sunspots within a certain category. Both quantities are listed in Table ( 2).
The Table shows The cumulative magnetic fluxes in Table ( 2) dramatically decreased from Cycle 23 to 24, Φ(23)/ Φ(24) = 2.62 ± 0.06. This reduction is not only due to the decreased number of sunspots, but also to a reduction in the average magnetic flux per spot. Specifically, the number of sunspots in Cycle 23 is 1.56 times that in Cycle 24 while the average magnetic flux (Φ) in Cycle 23 is 1.68±0.04 times that in Cycle 24. The product of these factors gives a decrease in the cumulative magnetic flux by a factor 2.6 from Cycle 23 to Cycle 24.
Magnetic Flux vs. Latitude
Figure (9) shows the cumulative magnetic flux distributions with latitude for each hemisphere and cycle, Φ(φ). The filled circles represent the integrated magnetic flux over an entire cycle binned by 5 • in latitude. "Hale" and "anti-Hale" sunspots are represented separately by blue and black/green colors. The solid lines are parabolas fitted to log 10 (Φ) vs. φ, to guide the eye. The latitude distributions of the flux are remarkably similar between hemispheres and cycles, and between "Hale" and "anti-Hale" spots. The latitudes of peak flux are summarised in the last column in Table ( 2). The average peak latitude for the emergence of flux is 14.5 • ± 0.5 • , regardless of hemisphere, cycle or "Hale" vs. "anti-Hale" nature of the spots.
Figure (10) shows the sunspot number distributions vs. sunspot magnetic fluxes. A striking feature is that both "Hale" (blue) and "anti-Hale" (black) sunspot populations have similar distribution functions.
Magnetic Flux and Pole Separation
We define the sunspot pole separation, s • , as the distance between the best-fit centers of mass of the positive and negative polarities. The pole separation is given by the spherical cosine law:
where φ 1 and φ 2 are the heliographic latitudes of the two poles and ∆λ is the difference between the heliographic longitudes of the poles. Table ( 3) gives the logarithmic average pole separations log 10 (s) = 0.62 ± 0.01 for "Hale" and log 10 (s) = 0.44 ± 0.02 for "anti-Hale" sunspots, respectively. The difference is statistically significant, with the average pole separation of "Hale" sunspots being larger than that of "anti-Hale" sunspots. This is also seen in the histogram of Fig. (11) , indicated by two arrows.
In Figure ( 12), the sunspot magnetic flux (Φ) is plotted as a function of the pole separations (s), showing that these quantities are clearly correlated. Pearson correlation coefficients between the two parameters are 0.75 for the "Hale" and 0.54 for the "anti-Hale" populations, both significant with the P < 10 −5 probability. We fitted a relation of the form log 10 Φ(s) = k s log 10 s + C s
where k s and C s are constants for both "Hale" and "anti-Hale" populations, using data from both cycles and hemispheres. The fitting parameters, their uncertainties, and the correlation coefficients are listed in Table ( 3). The regression lines are plotted in Figure ( 12) in grey for the "Hale" sunspots, and green for "anti-Hale" sunspots. The dependence of the sunspot magnetic flux on pole separation, s, is different for "Hale" and "anti-Hale" populations. Expressed as power laws, we find Φ(s) = (6.61
−0.44 ) × 10 20 s 1.57±0.02 for "Hale" sunspots and Φ(s) = (14.79
−3.57 ) × 10 20 s 1.06±0.09 for "anti-Hale" sunspots.
The relationship between magnetic flux and pole separation was examined by Wang & Sheeley (1989) using Kitt Peak magnetograms. They obtained Φ(s) = 4 × 10 20 s 1.3 without distinguishing "Hale" from "anti-Hale" populations. To compare with Wang's work, we fitted Equation (6) to all sunspots (c.f. last row in Table 3 ), to find Φ(s) = 7.59 +0.34 −0.36 × 10 20 s 1.49±0.02 . This result is consistent with that obtained by Wang & Sheeley (1989) except that our multiplicative constant, Φ 0 = 7.59 × 10 20 , is about twice their value of 4.0 × 10 20 . This factor of two occurs simply because Wang and Sheeley described the single polarity flux while we present the sum of the absolute values of the north and south components. Our estimate of the power index, s = 1.49±0.02, is slightly larger than s =1.3 in Wang and Sheeley but this difference is probably within the uncertainty of their determination (Y.-M. Wang, private communication).
Sunspot Magnetic Tilt Angles
The sunspot tilt angle, γ, is the angle between the magnetic axis and the Sun's azimuthal direction or equator. The tilt angle range is [−90 • , 90 • ]. We define tilt angles positive when the sunspot magnetic axes tilt toward to the equator, negative when the axes tilt away from the equator.
Tilt Angle Statistics
The statistics of sunspot tilt angles are summarized in Table (4) . We list the average (φ), median ([φ] ) and the standard deviation (σ φ ) for sunspot latitudes; and the average (γ), median ([γ] ) and the standard deviation (σ γ ) for sunspot tilt angles. "Hale" and "anti-Hale" populations are presented separately for each hemisphere and cycle.
The average and median sunspot latitudes are roughly identical between the "Hale" and "antiHale" populations, hemispheres and cycles. We obtain the average latitude of all sunspots,φ = ±(15.55 • ± 0.23 • ). The listed uncertainty is the Poisson error.
The average absolute tilt angle determined from all sunspots isγ = 4.58 • ± 0.07 • . This is similar to 4.2 • ± 0.2 • obtained by Howard (1991c) . For "Hale" sunspots, we find average tilt anglē γ = 5.49 • ± 0.09 • . For "anti-Hale" sunspots,γ = −5.84 • ± 0.31 • . In general, the "Hale" sunspot magnetic axes tilt toward the equator, but the "anti-Hale" axes tilt away from it.
Joy's Law
In the polar plots of Figure (8), "Hale" sunspots concentrate near the horizontal axes, and appear in broad, fan-like clusters. This is because the tilt angles of Hale's sunspots generally increase with increasing latitude, following Joy's law. The "anti-Hale" sunspots are scattered in the quadrants not occupied by "Hale" sunspots. Their distributions show no dependence on the latitudes. Here, we calculate best-fit values of Joy's law parameters using only the "Hale" sunspots.
Slightly different formulations of Joy's Law are used in the literature. To compare with these different formulations, we fit the following three functions to the tilt vs. latitude data. First, to compare with the effect of Coriolis force, which varies in proportion to sin(φ), we examine Joy's law written as (Wang & Sheeley 1989) ,
Second, we fitted the simple form (Li & Ulrich 2012) :
Finally, we fitted (Stenflo & Kosovichev 2012 )
In these equations, k J , k φ and k • are the Joy's slopes (k φ and k • have units of degree of tilt per degree of latitude) and C J , C φ and C 0 are the equatorial (φ = 0 • ) tilt angle ("Joy's constant"). Results of the fits are listed in Table ( 5), for each hemisphere and activity cycle. Note that, traditionally, Joy's law is derived from a few latitude bins to increase the signal-to-noise. But with our large data set, we derive Joy's law directly. (7), (8) and (9). In all cases the Joy's constant intercepts, C J , C φ and C • , are statistically consistent with zero. Furthermore, within the uncertainties, the derived parameters are independent of hemisphere and cycle number, other than for the expected sign differences.
Having established that there are no significant differences between hemispheres or solar cycle numbers, we obtain Joy's law expressions using tilt angle determinations for all "Hale" sunspots as a function of absolute latitude, |φ| (i.e. we merge the data for both hemispheres and cycles). The resulting three forms of Joy's law are plotted in Figure (13) . All "Hale" sunspots are plotted with "·" symbols, and we show absolute latitudes, |φ|. The red and the blue filled circles represent the average, median latitudes and tilt angles every 5 • (0.0833 for sin]phi) of the (sine) latitudinal bin, while the vertical and horizontal error bars are the standard deviations of the means. These binned points are to guide the eye, but are not used for fitting the Joy's law parameters.
From Equation (7), we find sin γ =(0.38±0.05)sin φ -(0.01±0.02). This Joy's slope is slightly but not significantly smaller than 0.48 derived earlier by fitting the flux-weighted tilt angles (Wang & Sheeley 1991) . From Equation (8), we find γ = (0.39 ± 0.06)φ − (0.66 ± 1.00). Joy's slope here is consistent with 0.5 ± 0.2 obtained in our previous study (Li & Ulrich 2012) , and the current work offers a more accurate measurement. The Joy's slopes differ insignificantly between Equations (7) and (8) because, for small sunspot tilt angles, γ < 30 • , and latitudes, φ < 20 • , φ r ∼ sin φ, and γ r ∼ sin γ, where φ r and γ r are expressed in radians. Finally, we find γ =(23.80±3.51)sin φ -(0.86±1.03) from Equation (9). Our determination of Joy's slope in Equation (9) is ∼2.5σ smaller than 32.1 • ± 0.7 • as obtained by Stenflo & Kosovichev (2012) . If this difference is real it could be due to the inclusion of bipolar regions of all sizes, from ephemeral to large sunspots, in the study of Stenflo & Kosovichev (2012) . In all three derived forms of Joy's law, the intercepts are statistically consistant with "0".
Sunspot Tilt Angle vs Pole Separation
The Pearson's correlation coefficient between absolute tilt angle, |γ|, and pole separation, log 10 (s), is -0.33 for all sunspots. This is with P < 10 −5 at 0.01 confidence level implicating that the two parameters are highly correlated. Fig (14) plots all sunspots with black dots. To guide the eye, the orange and light blue filled circles represent the average and median data points at the 0.15 log s bin width. For a crude estimate, we fit the following equation to all sunspot data:
Unlike the relations shown in Figure (12) , the sunspots are much more scattered in Figure ( 14) (see "·" symbols). A linear fit to all sunspots gives |γ| = (−24.88 ± 1.08) log s + (35.84 ± 0.64). This is plotted with a solid line in the Figure (12) . A visual inspection of the discrete data points inspires a parabola function. A least square fit to all sunspots gives |γ| = (14.6 ± 3.1)(log s) 2 − (38.8 ± 3.1) log s + (38.1 ± 0.8) (see the dashed curve). The relation shows that the tilt angle decreases with increasing pole separation.
Howard (1993) used daily white-light photographs taken at Mt. Wilson to reach a different conclusion. A linear least-square fit to their data gives a slope of 0.058 deg Mm −1 indicating a positive correlation between tilt angle and pole separation. To compare with Howard's measurement we recomputed the fit between |γ| and s expressed in meters (instead of degrees) for all sunspots. The linear fit gives the slope −0.20 ± 0.01 deg Mm −1 , which is very different from 0.058 deg Mm −1 and opposite in sign. We speculate that the discrepancy may be due to the use of magnetograms in our study versus white light photographs in Howard's work. For example, magnetograms inevitably draw in surrounding plage regions but the white light photographs might have included only sunspots and their penumbrae. In support of this possibility, and of the current work, we note that an independent but smaller study of 203 active regions using magnetograms from Huairou Solar Observatory also found that the sunspot tilt angles decrease with increasing pole separation (Tian et al. 1999 ).
Discussion
As remarked above and shown in Table 1 , the fraction of "anti-Hale" sunspots (namely 8.07%± 0.43%), is fixed with respect to hemisphere and cycle number. This fraction is consistent with previous studies in which the "anti-Hale" fraction ranges from a few to ∼10% ( (Li & Ulrich 2012) . This is probably because these works employ the same magnetic field data.
It is not clear why one out of twelve sunspots should persistently violate the hemispheric polarity rule. The evidence shows that many of these sunspots are not evolved from the "Hale" population, but have irregular polarity arrangements in the beginning, as was also noted by Stenflo & Kosovichev (2012) . The question is how sunspots emerge with irregular magnetic polarity orientations, with the toroidal fields pointing in the opposite direction. In numerical simulations, "anti-Hale" sunspots are the result of either weak magnetic fields, or "hemisphere crossing due to convective flows" (Weber et al. 2013) . Indeed, the cumulative magnetic fluxes of "anti-Hale" sunspots are at the level of a few percentage (5.8 ± 0.3)% of total magnetic flux; ; the average magnetic fluxes of "anti-Hale" sunspots are also smaller, only ∼ 70% of those of the "Hale" population. However, some individual "anti-Hale" sunspots do possess large magnetic fluxes, as evident in Figure (10) . Table ( 4) shows that the average and median latitudes of "anti-Hale" sunspots do. not differ significantly from "Hale" population . It is yet to be examined what special properties are possessed by "anti-Hale" sunspots, and what roles they play in the solar cycle progression.
The "Hale" sunspots can be further divided into two sub-populations, namely those with magnetic axes tilted towards the equator and those tilted away from it. The former are labeled "Hale/normal" and the latter "Hale/inverted" by Wang & Sheeley (1989) . Jiang et al. (2015) and Whitbread et al. (2018) attribute the weakness of solar cycle 24 to a few large "Hale/inverted" sunspot groups appearing near the equator in Cycle 23. Their argument is that the following polarities of these sunspots traverse the equator to eventually weaken the global dipole. In reality, it is observed that Hale/normal and Hale/inverted spots are continuous states of an evolving sunspot group. Statistically, more than half of sunspots are Hale/normal, and more than 1/3 sunspots are Hale/inverted. Table ( 6) shows that the fractions of Hale/normal spots are ∼55% in Cycle 23 and > 60% in Cycle 24, a modest difference. The Table also shows that the average latitudes of Hale/inverted spots are lower than Hale/normal spots by ∼ 1.5 • . However, in view of the uncertainties in the measurements, and because we are comparing data from only two sunspot cycles, it is not clear that these differences are sufficient to cause the prolonged minimum in the end of Cycle 23. More data are needed to be able to address this issue with greater confidence.
Joy's law in "Hale" sunspots can be explained by considering the action of the Coriolis force on the flow directions in the flux tubes (Weber et al. 2011) , or on the expansion/contraction of the flux tubes (Howard 1991b,c; Wang & Sheeley 1991) . The magnitude of the tilts is determined by the time of emergence, the solar rotation rate (the latitude) (see Equation 1). Statistically, the average emergence time ∆t ∼ 1.8 [days] which is from sunspots appearing in the surface to their magnetic flux reaching maximum; the rotation period is 27.3 [days] for the average sunspot latitude 15.55 • ; therefore, sin γ ∼ 0.4 sin φ by Equation (1). This agrees with the currently measured Joy's law sin γ = (0.38 ± 0.05) sin φ. A similar calculation by Wang & Sheeley (1991) results in sin γ ∼ 0.5 sin φ with the slightly larger coefficient resulting from the use of a slight longer emergence time, ∆t = 2.2 days. Over all, our observations is consistent with the hypothesis that Joy's law is produced by the Coriolis force acting on emerging sunspot magnetic flux tubes.
It is inevitable that the determination of sunspot tilt angles is dependent of the area sizes of sunspots. An example is a discrepancy between Joy's law obtained from white-light images and from magnetograms. In general, the Joy's slope is lower from the white light images, k φ ∼ 0.2-0.3 (Hale et al. 1919; Howard 1991c; Dasi-Espuig et al. 2010; McClintock & Norton 2013; Isik et al. 2018) than from the magnetograms, k φ ∼ 0.5 (Wang & Sheeley 1989; Stenflo & Kosovichev 2012; Li & Ulrich 2012) . Wang et al. (2015) attribute the discrepancy to the inclusion of plage areas in the measurements with magnetograms. The plage regions are not seen in white light images. The same conclusion is also drawn by Howard (1996a,b) using Mt Wilson data who noticed plages normally have higher tilt angles than those of sunspot groups. Our observations support this assessment. The average magnetic strength of active regions is at a magnitude of a few hundreds gauss, which are the signature of plages (see Fig. 5 ). Whether or not the Joy's slope discrepancy is caused by the sizes of sunspot regions is worth investigation in subsequent work.
Our finding, that Joy's law does not vary with hemisphere or with solar cycle, is different from a recent study by Tlatova et al. (2018) . These authors studied sunspot cycles 15 to 24 using white-light sunspot drawings. First, they find that tilt angles reach a peak at 20 • -30 • latitudes then decrease towards the poles. This local maximum is not present in our data. Their observation results in Joy's formula γ=(0.20±0.08)sin(2.80φ)+(-0.00±0.06), with a frequency number for the latitude which is quite different from other studies on Joy's law. Second, they find that the odd and even cycles have different latitudinal tilt angle profiles. Again, the fact that their conclusion differs from the current work might be partly attributed to the use of sunspot drawings as opposed to magnetograms. However, when they derived Joy's law in the form of Equation (8) The average pole separation is log 10 (s • ) = 0.62 ± 0.01 for "Hale" sunspots and log 10 (s • ) = 0.44 ± 0.02 for "anti-Hale" spots (see Table 3 ). The difference between two sunspot populations is statistically significant. According to D'Silva & Choudhuri (1993) , smaller pole separations represent larger magnetic tension, which opposes magnetic buoyancy and increases the rising time. This may explain why "anti-Hale" sunspots do not follow Joy's law because the magnetic tension is the dominant force over Coriolis force within these sunspot magnetic flux systems.
The sunspot magnetic flux increases with increasing pole separation (Section 3.3.3, see also (Wang & Sheeley 1989; Tian et al. 1999) ). A new result from the current work is that "Hale" and "anti-Hale" sunspots behave differently in the relationship between two parameters. The sunspot magnetic fluxes increase exponentially with pole separation for "Hale" sunspot population (Φ(s) ∝ s 1.57 ) . But the magnetic fluxes are almost linearly correlated to the pole separation for "anti-Hale" sunspot population (Φ(s) ∝ s 1.06 ). This seems to suggest that the topologies of magnetic flux tubes may differ between two populations since the sunspot magnetic flux is dependent of pole separation or vice versa.
The current study shows that sunspot tilt angles (γ), pole separations (s) and magnetic fluxes (Φ) are interconnected. An empirical relation between magnetic fluxes and tilt angles can be derived from general relations that we derived earlier: log Φ(s) = 1.49 log s + 20.88 and |γ| = −24.88 log s + 35.84. It is Φ(γ) = 1.1 × 10 23 × (0.87) |γ| . The formulae indicates that sunspot magnetic flux is weakly anti-correlated with the sunspot tilt angles. This is the result of the correlations between Φ, s and γ shown by Equations (6) and (10).
Our observation shows general trends of sunspot magnetic flux. Larger magnetic flux correlates with bigger pole separation and a smaller tilt angle. Statistically, systems with small magnetic flux have smaller pole separations but larger tilt angles. This is consistent with the general impression (D'Silva & Choudhuri 1993) , but seems at odds with some observations and simulations (Howard 1993; Fisher et al. 1995; Weber et al. 2011 Weber et al. , 2013 . As it is shown in Equation (1) and discussed by Wang et al. (2015) , tilt angles depend on the buoyant rise time. Large sunspots tend to have strong fields, and rise quickly through the convection zone. They are less likely to be affected by Coriolis force. On the other hand, the relations demonstrated in this work are based on the surface magnetic field data, and the statistical behavior of sunspots. More clues about flux loop emergence can be expected from a study of the time variation of these parameters.
Summary
We conducted a program of systematic measurements of sunspot parameters using a uniform, high quality dataset including 4385 sunspots erupted in Cycles 23 and 24. We measured magnetic tilt angles, fluxes, areas and pole separations using full-disk magnetograms taken by MDI/SoHO and HMI/SDO. We used this dataset to characterize differences between the "Hale" and "anti-Hale" sunspot populations.
Our results about "Hale" and "anti-Hale" sunspot populations are:
1. The "anti-Hale" sunspots constitute (8.1 ± 0.4)% of all sunspots. This fraction is constant with respect to hemisphere and solar cycle number.
2. The "Hale" and "anti-Hale" populations have similar latitudinal distributions (with mean valueφ = 15.6 • ± 0.2 • ) but differ in the distributions of tilt angles and magnetic fluxes. The average tilt angle of the "Hale" spots isγ = 5.49 • ± 0.09 • and of the "anti-Hale" spots γ = −5.84 • ± 0.31 • . On average, the "Hale" sunspots carry a cumulative magnetic flux 16 times that of "anti-Hale" sunspots, and have an average magnetic flux per sunspot 1.4 times that of "anti-Hale" sunspots.
3. The average pole separation of "Hale" spots, 4.18 • ± 0.07 • , is larger than that of "anti-Hale" spots, 2.74 • ±0.15 • . This suggests that "anti-Hale" sunspot magnetic flux loops have generally stronger magnetic tension than "Hale" sunspots do.
4. Joy's law for "Hale" sunspots is equally well-described by 1) sin γ = (0.38 ± 0.05) sin φ), 2) γ = (0.39 ± 0.06)φ, and 3) γ = (23.8 ± 3.5) sin φ.
5. Empirically, we find the sunspot magnetic flux as a function of pole separation, Φ(s) = (6.6 2. The number of sunspots erupted in Cycle 23 is ∼1.6 times that of Cycle 24. The magnetic flux erupted through Cycle 23 is ∼2.6 times that of Cycle 24.
3. Statistically, we find the tilt angles decrease with increasing pole separations according to |γ(s)| = (−24.88 ± 1.08) log 10 s + (35.84 ± 0.64). For a more accurate formula, we fit a parabola: |γ| = (14.6 ± 3.1)(log s) 2 − (38.8 ± 3.1) log s + (38.1 ± 0.8).
4. Empirically, magnetic flux is related to the tilt angle: Φ(γ) = 1.1 × 10 23 × (0.87) γ , where γ ≥ 0. Sunspot magnetic flux decreases modestly with increasing tilt angle.
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